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Abstract. Using the extrapolation of one-sided weights, we establish the 
boundedness of commutators generated by weighted Lipschitz functions and 
one-sided singular integral operators from weighted Lebesgue spaces to weighted 
one-sided Triebel-Lizorkin spaces. The corresponding results for commutators 
of one-sided discrete square functions are also obtained. 



1. Introduction 

The study of one-sided operators was motivated not only as the generalization 
of the theory of both-sided ones but also by the requirement in ergodic theory. In 
[22] , Sawyer studied the weighted theory of one-sided maximal Hardy-Littlewood 
operators in depth for the first time. Since then, numerous papers have appeared, 
among which we choose to refer to [2], [3], [5], [13], [15], [16] about one-sided 
operators, [1], [14] , [17], [21] about one-sided spaces and so on. Interestingly, lots of 
results show that for a class of smaller operators (one-sided operators) and a class 
of wider weights (one-sided weights) , many famous results in harmonic analysis still 
hold. 

Recently, Lorente and Riveros introduced the commutators of one-sided opera- 
tors. In |10| . they investigated the weighted boundedness for commutators gener- 
ated by several one-sided operators (one-sided discrete square functions, one-sided 
fractional operators, one-sided maximal operators of a certain type) and BMO 
functions. Recall that a locally integrable function / is said to belong to BMO(M.) 
if 



1 1 /I I BMO = SUp — J |/ - //| < 00, 

where / denotes any bounded interval and fi = Ii f(y)^V- ^ n ttU' H2> tne y 
obtained the weighted inequalities for commutators of a certain kind of one-sided 
operators (one-sided singular integrals and other one-sided operators appeared in 
[10]) and the weighted BMO functions. 

Very recently, Fu and Lu j4i introduced a class of one-sided Triebel-Lizorkin 
spaces and studied the boundedness for commutators (with symbol b G Lip Q ) of 
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one-sided Caleron-Zygmund singular integral operators and one-sided fractional 
integral operators. A function b <E Lip Q , < a < 1, if it satisfies 

\b(x + h) - b(x)\ 



iLiPa 



sup 



\h\" 



< CO. 



And it has the following equivalent form [18] : 

1 



Lip Q 



sup ■ 



ll + Q 



\f-fl 



SU P TTi — 
I \I\ a 



\f~fl\ q 



where 1 < q < oo. Obviously, if a = 0, then / G BMO. In fact, BMO and Lip Q 
are the special cases of Campanato spaces (cf. [H]). It should be noted that just 
like functions in BMO may be unbounded, such as log \x\. The functions in Lip Q 
are not necessarily bounded either, for example \x\ a £ Lip a . Therefore, it is also 
meaningful to investigate the commutators generated by operators and Lipschitz 
functions (cf. [7], [9], [18]). 

Inspired by the above results, we concentrate on the boundedness for commuta- 
tors (with symbol b belonging to weighted Lipschitz spaces) of one-sided singular 
operators as well as one-sided discrete square functions from weighted Lebesgue 
spaces to weighted one-sided Triebel-Lizorkin spaces. 

In [18], Paluszyhski introduced a kind of Triebel-Lizorkin spaces Fp'°°. Fu and 
Lu [4] gave their one-sided versions. 

Definition 1.1. [4] For < a < 1 and 1 < p < oo, one-sided Triebel-Lizorkin 
spaces r p ' + and b 



are defined by 



x+h 



v 

I r-X + h 



SU P TT, — 

h>o h 1+a 



-h 



\.f ~ f[x,x+h] I 
1/ — f[x—h,x]\ 



< OO, 



L" 



< OO, 



LP 



where f[ x , x +h] = h J x f{v)dy. 

Remark 1.1. It is clear that F^°° g p™'™, F^'°° g F' 



a,oo 



F° 



nF° 



rpa., oo 

* 9 . 



' P ^ Pi+ ' P ^ P,- P,+ Vi — 

Furthermore, the weighted one-sided Triebel-Lizorkin spaces have been defined 

in a. 



Definition 1.2. For 0<a<l, l<p<oo and an appropriate weight uj, the 
weighted one-sided Triebel-Lizorkin spaces F"] 00 



and Fp'^° are defined by 



and 



» 



1/ — f[x,x+h] I 



< OO, 



-h 



\.f - f[x-h,x]\ 



< OO. 



Lp(ui) 



One of the main objects of our study is the one-sided singular integral operators. 
Assume that K 6 L 1 (R \ {0}), K is said to be a Calderon-Zygmund kernel if the 
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following properties are satisfied: 

(a) There exists a positive constant B\ such that 



/ K{x)dx 

Je<\x\<N 



<Bx, 



for all £ and N with < e < N, and the limit lim E _ ) .Q+ j e< \ x \ <1 K(x)dx exists. 

(b) There exists a positive constant B2 such that 

< ff, 

for all x 7^ 0. 

(c) There exists a positive constant B3 such that 

\K(x-y)-K(x)\<^, 
\x\ 2 

for any x and y with |x| > 2\y\. 

The singular integral with Calderon-Zygmund kernel K is defined by 

Tf(x) = p.v. / K(x - y)f(y)dy. 

JR 

Definition 1.3. [2] j4 one-sided singular integral T + is a singular integral associ- 
ated to a Calderon-Zygmund kernel K with support in (— 00, 0): 

/>oo 

T+f(x) = lim / K(x - y)f(y)dy. 

6^0+ J x+e 

Similarly, when the support of K is in (0, +00) . 

/X — 6 
K ( x - y)f(v)dy- 
-00 

The other main object in this paper is the one-sided discrete square function. 
As is known, discrete square function is of interest in ergodic theory and has been 
extensively studied (cf. [8]). 

Definition 1.4. The one-sided discrete square function S + is defined by 

s+ f( x ) = ( E \ A -f( x ) - A n -if(x)\ 2 ) . 



for locally integrable f , where A n f(x) = fx +2 f{y)dy- 

It is easy to see that S + f{x) = \\U + f(x)\\i2, where U + is the sequence valued 
operator 



(1.1) U+f(x)= I H(x-y)f(y)dy, 

here 



H{x) = I rf(-2»,o)W - 5^ r X(-2»-i,o)(aO 



(see 
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Definition 1.5. The one-sided Hardy- Littlewood maximal operators M + and M~ 
are defined by 

M+f{x) = S u V \ [ X+h \f(y)\dy, 

h>0 « Jx 

and 

M-f(x) = svq>\ [ \f(y)\dy, 

h>0 n Jx-h 

for locally integrable f. 

The good weights for these operators are one-sided weights. Sawyer [35] in- 
troduced the one-sided A p classes j4+, A~ , which are defined by the following 
conditions: 



p-i 

< oo, 



Al : Al{w) := sup — f w(x)dx ( [ w(x) 1 p dx 

a<b<c (C - a)P J a \J b 

A p : A p i w ) : = SU P 7 — I w(x)dx\ I <w{x) l ~ p> dx ] < oo, 

a<b<c (C — a)f J b \^J a J 

when 1 < p < oo; also, for p = 1, 

Af : M~w(x) < Cw{x), a.e., 

A± : M + w(x) < Cw(x), a.e.. 
Let's recall the definition of weighted Lipschitz spaces given in [7]. 

Definition 1.6. For f G L/ oc (K), fi e A 00 , 1 < p < oo, < f3 < 1, we say that f 
belongs to the weighted Lipschitz space Lip 1 ^ if 



\\f\\u P *, u = sup ^ 



1 

) — 



l/W-Z/W) 1 "^ 



< oo, 



XI) 

where I denotes any bounded interval and /j = tjt J*j /• 

The weighted Lipschitz space Lip^ is a Banach space (modulo constants). Set 
Lip/3 tfl — Lipjj , By [6], when /i 6 Ai, then the spaces Lip v ^ ^ coincide, and the 
norms || • are equivalent for different p with 1 < p < oo, thus || • H^pP ~ || ■ 

\\hipp M for any 1 < p < oo. It is clear that for fj, = 1, the space Lipp^ is the classical 
Lipschitz space Lipp. Therefore, weighted Lipschitz spaces are generalizations of 
the classical Lipschitz spaces. 

Definition 1.7. [10] For appropriate b, the commutators ofT + and S + are defined 
by 



T b + f(x) = / (b(x) - b(y))K(x - y)f(y)dy 
S£f{x) = ! (b(x) - b(y))H(x - y)f{y)dy 



respectively. 

Now, we formulate our main results as follows. 
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Theorem 1.1. Assume that 1 < p < oo, v G A p and w G are such that 

/i 1+Q = (^)p for some < a < 1 and fj, E A\. Then, for b G Lipp^, there exists 
C > suc/i £/ia£ 

l|T b + /||^ w <c||/|U PW , 

/or a// bounded f with compact support. 

Theorem 1.2. Assume that 1 < p < oo, v G A p and w G A+ are such that 
l_i 1+a = (^)p /or some < a < 1 - 1+e( ^) <™d M G 4i. 27ien, /or 6 G Lipp^, 
there exists C > suc/i £/ia£ 

||s+/ll^ nu0 < c]|/]U„ (t))l 

/or aZ/ bounded f with compact support. 

Remark 1.2. In Theorem II. 2 \ e(w,v) is a positive number depending only on w,v. 
Since the condition that is satisfied by H in (jl.lj) is weaker than that ol Calderon- 
Zygmund kernel K (see [24]). Naturally, the requirement of a in Theorem 11.21 
should be stronger. 

We remark that although like [IT], [12], we will continue to use the one-sided 
maximal functions to control the commutators of the two operators in this paper. 
The difference is that, by definition of one-sided Tiebel-Lizorkin spaces, the proof 
in this paper goes without using of one-sided sharp maximal operators. 

In Section 2, we will give some necessary lemmas. Then we will prove Theo- 
rem 11.11 in Section 3. In the last section, we will give the proof of Theorem 11.21 
Throughout this paper the letter C will be used to denote various constants, and 
the various uses of the letter do not, however, denote the same constant. 

2. Preliminaries 

In order to prove our results, we will firstly introduce some necessary lemmas. 

Lemma 2.1. [14 Suppose that u) G A^ , then there exists E\ > such that for all 
1 < r < 1 + ei, w r g A{ . 

The primary tool in our proofs is an extrapolation theorem appeared in [12j . 

Lemma 2.2. [12] Let v be a weight and T a sublinear operator defined in C^°(R) 
and satisfying 

HtT/H^ < C\\af\U 
for all t and a such that a = vr, r _1 G A^ and er -1 G A\. Then for 1 < p < oo, 

holds whenever w G Ap and v — v v w G A p . 

Based on Lemma 2.3 in [12], we get the following estimate which is essential to 
the proofs of Theorem 1.1 and 1.2. 

Lemma 2.3. LetO < a < 1, fi G A\ andb G Lip a41 . Assume thatr and a = [i l+a T 
are such that r _1 G A^ and o~ x G A\. Then there exists £2 > such that for all 
1 < r < 1 +e 2 , 

where I = [x, x + h] . 
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Proof. Since r 1 G A l , by Lemma 12. 1[ there exists e\ > such that for all 1 < 
r < 1 +£i, r~ r G Ai . By the fact that /i G Ai, we have 



— f- 



l/r 

\b(y)~b I \ r a- r (y)dy' 



< TT^ \ TTT / SU P ( TTT / l 6 W - ) ^ r (y) d y 



l/r 

i/Hwi,rAi^/ m - UJ,v """ u,i 

(l+a)r 



l/r 



JCI 



<C\\b\\ Ltp ^l [ ^-J i r- r (y)dy 



l/r 



l/r 



for almost all x G M. □ 

Lemma 2.4. Assume that b G Lip a ^, /i G A , a; G M and h > 0. For each j G Z + ; 
tei 7j = [x, x + 2 J h], j > 3. Then 

i 2 4a (1 — 2(- J_2 ) Q "l 

^|&Z i+1 - &7 3 | < C\\b\\u Pa ,» \_ 2a L Kx) 1+a - 

Proof. Since [i G A 1 , we have 

< C2(m+ i) Q //^wi)y +a ||6|| 



< C2( m +V a \\b\\ Lipa , flf i(x) 1+a . 



Therefore, 



1 3 
— |6j+i-6j 3 | = \ b i m -K 



771=3 



< C\\b\\ LlPa ^(x) 1+a £ 2(" l+1 ) c 



m— 3 



o4a/i _ n(j"-2)a\ 

< C||6||Li Pa ,M \_ 2a 

The lemma is proved. □ 

Using some notations of [TO], [H] and [T2], we will prove Theorem 1.1 and The- 
orem 1.2, respectively. 
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3. Weighted estimates for commutators of one-sided singular 

integrals 

Proof of Theorem W.W Let A be an arbitrary constant. Then 

T+f(x) = T+((A - b)f){x) + (b(x) - X)T + f(x). 

Let x € R, h > 0, J = [x, x + 8h]. Write f = fi + / 2 , where fx = fxj, set A = bj. 
Then 

x+2h 

\ T bf{y) - ( T b f)[x,x+2h]\dy 



2 



x+2h 

^ I \ T b + f(v) - T+ d b - &j)/a)0* + 2h)\dy 



2 

1+ 
2 



x+2h 



^h^l \T + {{b-bj)h){y)\dy 



h l + a 
2 



X 

+2h 



\T + ((b - bj)f 2 )(y) - T+((b - bj)h){x + 2h)\dy 

px+2h 

= 2(I(x)+II(x)+III(x)). 



\b(y)-bj\\T+f(y)\dy 



By definition of Calderon-Zygmund kernel, we have 

' x+2h r °° x + 2h-y 



i px-\-zn pc 

H{x) -°h^ J 

"• Jx JxA 



■\b(t)-bj\\f(t)\dtdy. 



Consider the following three sublinear operators defined on C£°: 

■ 2h 



M+f( x )= S np-— \T^ 

h>0 n Jx 



((b-bj)f X j)(y)\dy, 



I rx+2h 

M td(x) = sup — — / \b(y) - b [x _ x+8h] \\g(y)\dy. 

h>0 n Jx 



The above inequalities imply that 

~2h 



1 



\T b + f{y)~{T+f) [x , x+2h] \dy 



(3.2) 

< C (M+f(x) + M+f(x) + M+(T+f)(x)) . 

Now, let's discuss the boundedness of these three operators. For . Assume 
that r and a = fi 1+a T are such that r _1 e and cr _1 6 A\. Let 1 < r < 1 + £2, 
where £2 is as in Lemma [2~B1 By Holder's inequality, Lemma |2~31 and the fact that 
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T+ is bounded from L r (R) to L r (R) 2i, we get 



1 



x+2h 

\T + ((b-b,)f Xj )(y)\dy 

x+2h \ l / T 

— ( - / |T + ((6-M/x/)(y)N2/J 
<^lr/ l(Ki/)-W(w)l r d» 



fa 


X 


c 






(i 


c 


(i 


17 





1 / 1 



1/r 



^ ^ 1%) - bj\ r v- r (y)dy 

<C||6||i i p ail ,||/(r||oor- 1 (!c). 



Therefore, 

HrM+fHoo < C\\faU. 
Then by Lemma l2~2l for u> G and t> = g A p , we have 

(3.3) ||M+/|U P(W ) < C||/|| iPW . 

For M+, let Ij = [x,x + 2 j h], j £ Z+. Then 

px+2h poo x + 2h —V 

1 1 ' \b(t)-bj\\f(t)\dtdy 



h 1+a L J x+Sh (t-(x + 2h)f 

r x+2h oo r x+2 1+1 h 



oo , px+2 j + 1 h 



(3.4) 



00 2 J+1 (if 



oo 1 



3=3 



By Holder's inequality and Lemma |2~5I we have 
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U M = y + i h i +a J Ht)-b I]+1 \\f(t)\dt 

(3,, ^^L'^-^H" 

/ \ 1/r 

<C2^+ 1 ) Q ||6|| ilp ^J|/a|| 0O r- 1 (a ; ). 
Since er -1 G Ajl, then by Lemma [231 



(3.6) 



i^) = w ^l + H +1 -b J \\f(t)\dt 

<^;\h + i- b j\\\Mo°T^—J v-'dt 
11 l J j+i| %i 

<C\\b\\ Lipa< » \_ 2a W^IIJVIIco^) 

o4a/-i _ o(j-2)q\ 

= ciHkiw, i_ 2a — -ll/^lloo^- 1 ^). 

Then (pT3 ]) -([3lj ]l indicate that 

1 f x+2h f°° x + 2h-y 



\b(t)-bj\\f(t)\dtdy 



h 1+a J x J x+sh (t~(x + 2h)) 21 

1 

2J V ~ ' 1-2" 

i=3 v 

^CWbh^JMooT-^x), 

where the last inequality is due to the fact that < a < 1. Consequently, 

IN/+/IU < C\\fa\U 
Then by Lemma [2~2l for w G and w = ^S 1+a ^ p w G A p , we have 
(3-8) \\M+f\\ LP{w) < C\\f\\ LP(v) . 

For M3 . By Holder's inequality and Lemma POl we get 
1 



h 1+a 



x+2h 

Hy)-bj\\g(y)\dy 



c (1 r +2h \ 1/r 



1 / 1 



x+S 



1/r 



< CllsalU— ^- ^ |%) - 
= C\\b\\ LiPci ,4ga\\ 0o T- 1 (x). 
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Thus, 



WrM+gWoo < C\\ga\ 



From Lemma I2T21 we get 

(3-9) \\M+g\\ L * iw) < C\\g\\ LP(v) , 

where w G A+ and v = /j,( 1+a ' p w € A p . Since T + is bounded from L p {v) to L p {y) 
[2J, it follows that 

(3.10) \\M+(T+f)\\ LP(w) < C\\T+f\\ LP{v) < C\\f\\ LP{v) . 

Consequently, by (pT2"]l , (pPj) . (|3~5)) and ([3~TU| . we obtain 



1^6 f\\F a '°°(u 



sup ■ 



x+h 



h>oh^ J x 
This completes the proof of Theorem 11.11 



\T b + f-(T+f) [x , x+h] \ 



<C\\f\\ LP{v) . 



L P (u)) 



□ 



4. Weighted estimates for commutators of one-sided discrete square 

functions 

Proof of Theorem 11.21 The procedure of this proof is analogous to that of Theorem 
11.11 Let A be an arbitrary constant. Then 



St fix) = 



< 



(b(x) - b(y))H(x - y)f(y)dy 



(b(x) - A) / H(x - y)f(y)dy 



+ 



H(x-y){b{y)-\)f{y)dy 



= \b(x)-\\S+f(x) + S+((b-\)f)(x). 

Let x e R, h > and let j <E Z be such that 2 j < h< 2' 3+1 . Set J — [x,x + 2 j+3 ]. 
Write / = fx + f 2 , where /i = fxj, set X = bj. Then 

rx+2h 

\S£f(y) - (Stf)[x,x+2h]\dy 



h 1+a 



< 



< 



2 
2 
2 



|5 6 + /(y)-5+((6-M/2)WI^ 



x+2/i 



x+2h 



\S + ((b - bj)f 2 ){y) - S+{{b - bj)f 2 ){x)\dy 



x+2h 



\b(y)-bj\\S + f(y)\dy 



= 2{L(x) + LL(x) + LLL(x)). 

By definition, we have 

rx+2^ ' 



LL{x)<-^J ' \\U+((b-bj)f 2 )(y)-U + ((b-bj)f 2 )(x)y 



< 



x+2 3+ * poo 



+23+3 



\(b(t) - bj)f(t)\\\H(y -t) - H(x - t)\\ P dtdy. 
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Define sub-linear operators: 

t-x+2 j 



M+f(x) = sup [ ' \S+((b - bj)f XJ )(y)\dy, 

i rx + 2 j + 2 roo 

M+f(x)= S up- w —r / \(b(t)-bj)f(t)\\\H(y-t)-H(x-t)\\ P dtdy. 



It follows that 

1 



x+2h 

\Sbf(y) - ( S bf)[x,x+2h]\dy 



(4.1) 

< C (M+f(x) + M+f(x) + M+(S+f)(x)) , 
where is defined in (|3.1[) . It follows from (|3.10j) that 
||M 3 + (S+/)|| i!)(to) < C\\S+f\\ LP{v) . 
By Theorem A in [24], we have 

\\S + f\\ L *(v) < C\\f\\ LP(v) . 

Therefore, 

(4-2) \\M+(S + f)\\ LP{w) <C\\f\\ LHv) 

holds for w <E A+ and v = ^ 1+a ^ p w G A p . 

Next we shall prove that , M^ 1- are all bounded from L p (v) to L p (w). For 
M4". Assume that r and cr = /j 1+ "t are such that r _1 G A^ 1 and cr _1 G Ai. By 
Holder's inequality, Lemma [2.31 and the fact that S + is bounded from L r (M) to 
L r (R) [24]. we get 



1 



2 j(l+a) 



|s + ((6-M/xj)Wy 



-2^ 27/ l^ + ((^-M/x./)(2/)rrfy 



r / 1 ^+2^ 



l/r 



1 A r +2J+3 \ 1/r 

^CH/alU— (- ^ \b(y)-bj\ r a- r (y)dy\ 
-it 



= C\\b\\ LlPa J\fa\\ 00 r- 1 (x). 
Therefore, 

UrM+ZIU < Cll/alU. 
Then by Lemma |2~21 the inequality 

(4-3) ||M+/|| iPW < C\\f\\ LP{v) 

holds for w e A+ and v = fi^ 1+a ^ p w G A,. 
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For M s +, let Ij = [x,x + 2 j ], j G Z. Then 

\(b(t)-bj)f(t)\\\H(y-t)-H(x-t)\\ P dt 

< E / \(b(t)-bi h+1 )f(t)\\\H(y-t)-H(x-t)\\ P dt 
(4.4) k^+z Jx + 2k 

00 i-x+2 k + 1 

+ E |/(t)|||ff(y-t)-ff(ir-t)||pdt 
= LLx(x) + LL 2 (x). 

Since r and a — /i 1+Q r = (j)?t are such that r _1 G and cr _1 e Ai C 
by Lemma 12. 1[ there exists e > such that when 1 < r < 1 + e, t~ t G A{ and 
<7~ r G A^. Since a < 1 — we can choose r > 1 such that a < p-, then by 
Holder's inequality and Lemma [ 



iii(^) < c e ( / i^)-^ +1 n/wr^) x 

/ ||fl-(»-t)-^(a:-t)[|^dt . 

\Jx+2 k ) 

By Theorem 1.6 in [24 , for all y G [a;, a; + 2 J+3 ], the kernel satisfies 



z+2" 



(4.5) / \\H{y-t)-H{x-t)\\\ 2 dt\ <C 



.2i 



a+2 fc 



2 A ' 



Therefore 



iiiW < cn/aiu e % ( / w<) - & w r*~ r 



fc=i+3 



^Cll/all^ll^lU^^r- 1 ^) E ^ k+ ^ +k r) 

k=j+3 

By the same proof as in Lemma 12.41 we can get that 

k 

\bi k+1 - b ; \ = E l&Wi ~ M < C ( 2 ' a + 2 ka )\\b\\L iPa ,^ 1+a (x) 

m=j+3 
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Then by (|4.5[) . Holder's inequality and the fact that a r G A 1 , a < h , we have 
LL 2 (x)<C\\b\\ Llpa ^{x) f] 2 ~(2 J ° + 2^) (j \ m r d A 



(4.7) 



k=j+3 

<c\\b\\ LiPa AH\oo^ +a (x) 



fc=j+3 

.-1 



Following from d4~4j, (|4J|) and (|4~7|) . we get 



|(6(t) - bj)f(t)\\\H(y - t) - H(x - t)\\ P dt < C2> a \\b\\ Lipa , M \\f(T\\ oa T- 1 (x). 
Consequently, 

/>2;+2 J 

\(b(t)-bj)f(t)\\\H(y-t)-H(x-t)\\ l2 dtdy 



2J ( 



T+a) 



X+2J+ 3 
-1 , 



< CWbWup^WfaWooT-^x). 
Therefore, 

I|tm 5 + /||oo < cwMoo. 

Then by Lemma |2.2[ the inequality 

(4-8) \\M+f\\ LP{w) < C\\f\\ LP{v) 

holds for w € A+ and v = ^ 1+a )Pw. Then Theorem O follows form (|4~Tj) - (|43)) 
and (Oil. ' □ 



Remark 4.1. It should be noted that by the well-known extrapolation theorem 
appeared in |23j and the similar estimate of Lemma 12.31 we can also obtain the 
corresponding boundedness for commutators generated by 'both-sided' singular in- 
tegrals and weighted Lipschitz functions from weighted Lebesgue spaces to weighted 
'both-sided' Trieble-Lizorkin spaces. In brief, we leave the completion of the proof 
to the interested readers. 
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